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Abstract 
A theoretical investigation is presented to describe a two-dimensional unsteady flow of a viscous incompressible 
electrically conducting fluid over a stretching permeable surface taking into account a transverse magnetic field of 
constant strength. The governing boundary layer equations for the problem are formulated and converted to 
nonlinear ordinary differential equations and then solved numerically using fourth order Runge-Kutta method with 
shooting technique. Influences of many parameters, like, suction or injection parameter, unsteadiness parameter, 
magnetic parameter, Prandtl number and Eckert number on velocity and temperature distributions are plotted on 
graphs while skin-friction coefficient and Nusselt number are shown numerically. Computational results are 
compared with previously presented results for non-magnetic case. 
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1. Introduction 
During the past few decades, the phenomenon of hydromagnetic flow of an electrically conducting fluid 
towards a stretching surface has attracted a lot of attention of  many researchers due to their widespread applications  
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in industrial manufacturing, modern metallurgical and metal-working processes such as hot rolling, glass blowing, 
paper production, drawing of wire and plastic films, metal spinning, liquid composite molding metal and polymer 
extrusion etc. Crane [1] became the first to obtained boundary layer flow past a continuous solid surface which 
moves with a constant speed. Further, the effects of heat transfer for steady and unsteady flow past a stretching sheet 
have been presented by several researchers, like Elbashbeshy [2], Mahapatra and Gupta [3] and Chaudhary et al. [4], 
in the presence of different physical parameters. 
For a long time, a major subject in fluid dynamics is the problem of steady and unsteady laminar flow over a 
permeable surface because of its importance from both theoretical and practical point of view and has been 
comprehensively studied. It also has many applications in engineering and technological processes, such as 
petroleum industries, ground water flows, extrusion of a polymer sheet from a dye and boundary layer control. The 
flow over a permeable surface has been investigated by Magyari and Keller [5], Ishak et al. [6] and Cortell [7] under 
the limiting cases. Recently, Khader [8] studied about flow and heat transfer over permeable surface with second 
order slip and viscous dissipation. 
The rate of stretching and the cooling liquid are the main fluid properties of various manufacturing processes 
desired for better outcome. The stretching rate is of utmost importance as rapid stretching results in sudden 
solidification, thereby destroying the characteristics expected for the final product. The use of electrically 
conducting fluid and applications of magnetic field can control the rate of cooling and the desired properties of the 
end product. The magnetic field has been used in the process of purification of molten metal from non-metallic 
inclusions. The study of hydromagnetic flow for an electrically conducting fluid over a heated sheet has attracted 
considerable interest in view of its diverse applications in many technological processes, such as plasma studies, 
foodstuff processing, solidification of liquid crystals, cooling of nuclear reactors, exotic lubricants and suspension 
solutions, the boundary layer control in aerodynamics, MHD power generators and in the field of planetary 
magnetosphere. Andersson [9] presented an exact analytical solution of the MHD flow of Walters liquid B past a 
stretching sheet. Later, several researchers such as Jat and Chaudhary [10], Singh and Singh [11] and Chaudhary and 
Kumar [12] have focused their attention to the various aspects of the problem of heat transfer and hydromagnetic 
flow. 
The above survey shows that, in spite of numerous studies on the stretching surface and permeable surface, 
unsteady hydromagnetic flow over stretching permeable sheet with uniform wall temperature is not yet available. 
Therefore, the objective of present paper is to extend the work of Ishak et al. [6] for electrically conducting fluid in 
the presence of a uniform transverse magnetic field. 
2. Mathematical Formulation 
Consider an unsteady two dimensional boundary layer flow of an incompressible electrically conducting fluid 
over a permeable surface coinciding with the plane 0y = , the flow being confined to 0y > . The x− axis is 
chosen along the sheet, and a uniform magnetic field 0H  is imposed along y − axis (see Fig. 1). The continuous 
stretching surface is assumed to have the velocity ( )1/w ctaxu −=  , the transpiration velocity through the 
permeable wall is wv  with suction and injection for 0wv >B  and the temperature ( )/ wwT T b a u∞= +  , where a ,b and c are constants with 0,  0,  0a b c> ≥ ≥ and also 1/c t< , t  is the time, x  is the coordinate measured 
along the stretching surface and T
∞
 is the temperature of the fluid far away from the sheet. 
Under the boundary layer approximations and neglecting the viscous dissipation, the unsteady two-dimensional 
boundary layer equations can be written as: 
0
u v
x y
∂ ∂
+ =
∂ ∂
           (1) 
2 22
0
2
ee
Hu u u u
u v u
t x y y
σ μ
υ
ρ
∂ ∂ ∂ ∂
+ + = −
∂ ∂ ∂ ∂         (2) 
705 Mohan Kumar Choudhary et al. /  Procedia Engineering  127 ( 2015 )  703 – 710 
Fig. 1. Geometry of the problem 
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where u  and v  are the velocity components in the x  and y  directions, respectively, υ  is the kinematic viscosity, 
eσ is the electrical conductivity, eμ  is the magnetic permeability, ρ is the fluid density, T  is the temperature of 
the fluid, α  is the thermal diffusivity, μ  is the coefficient of viscosity and pC is the specific heat at constant 
pressure. 
The mathematical analysis of the problem is simplified by introducing the following dimensionless coordinates 
(Ishak et al. [6] ) 
( ) ( ), , , /
w w
x y t xu f x yuψ υ η η υ= =    and  ( ) ( )/
w
T T b a u θ η
∞
= +      (5) 
where ( ), ,x y tψ is the stream function defined as /u yψ= ∂ ∂  and /v xψ= −∂ ∂  so as to identically satisfy the 
continuity equation (1), ( )f η is the dimensionless stream function, η  is the similarity variable, y is the 
coordinate measured along normal to the stretching surface and ( )θ η is the dimensionless temperature. Therefore, 
on using the relations (5), the boundary layer governing equations (2) and (3) can be written in a non-dimensional 
form as 
( ) 212 0f ff A f f f Mfη′′′ ′′ ′′ ′ ′ ′+ − + − − =                 (6) 
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with the boundary conditions: 
00  :      ,     1,    1
:     0,    0
f f f
f
η θ
η θ
′= = = =
′→ ∞ → →
                 (8) 
where primes denote differentiation with respect to η . /A c a=  is the unsteadiness parameter, 
( ) ( )2 2 2Re /e e o x wM H uσ μ υ ρ=  is the magnetic parameter, ( )Re /x w xu υ=  is the local Reynolds number, Pr /υ α=
is the Prandtl number, ( )2 /
w p wEc u C T T∞= −  is the Eckert number and ( )0 Re/ xw wf uv−=  is the suction or 
injection parameter. 
The equations (6) and (7), with the boundary conditions (8) are solved by Runge-Kutta fourth order method 
along with shooting technique for a better approximation. The step size is taken as 0.001ηΔ = and accuracy of 
the six decimal places as the criterion of convergence. 
The physical quantities of primary interest are the local skin-friction coefficient fC  and the local Nusselt 
number xNu , which are defined as 
 ( ) ( )2
0
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3. Numerical Results and Discussion 
Fig. 2. Variation of ( )f η′ with η  for several values of 
0
f  with 
0.1A =  and 0.1.M =
Fig. 3. Variation of ( )f η′ with η for several values of A  with
0
1.0f =  and 0.1.M =
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The velocity profiles ( )f η′ for various values of the suction or injection parameter 0f , the unsteadiness 
parameter A  and the magnetic parameter M are plotted in figures 2 to 4 respectively, while the other parameters are 
constant. From these figures, it is evident that the velocity decreases with the increasing values of 0f , A  and M
while for A , the reverse phenomenon occurs for 2η > . 
Fig. 4. Variation of ( )f η′ with η  for several values of M  with
0
1.0f =  and 0.1.A =
Fig. 5. Variation of ( )θ η withη for several values of
0
f  with
0.1A = , 0.1M = , Pr 1.0= and 0.1.Ec =
Fig. 6. Variation of ( )θ η with η  for several values of A  with
0
1.0f = , 0.1M = ,  Pr 1.0=  and 0.1.Ec =
Fig. 7. Variation of ( )θ η with η  for several values of M  with
0
1.0f = , 0.1A = , Pr 1.0=  and 0.1.Ec =
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Fig. 8. Variation of ( )θ η with η  for several values of Pr  with
0 1.0f = , 0.1A = , 0.1M = and 0.1.Ec =
Fig. 9. Variation of ( )θ η with η  for several values of Ec  with
0
1.0f = , 0.1A = ,  0.1M =  and Pr 1.0= . 
Figures 5 to 9 show the temperature profiles ( )θ η for different values of the suction or injection parameter 0f , 
the unsteadiness parameter A , the magnetic parameter M , the Prandtl number Pr and the Eckert number Ec
respectively keeping other parameters constant. It may be observed from these figures that the temperature decreases 
Table  1. Values of ( )0f ′′−  and ( )0θ ′−  for various values of 
0
,  ,  ,  Prf A M and .Ec
0
f A M Pr Ec Present results ( )0f ′′− Ishak et al. [6]( )0θ′− Present results ( )0θ′−
-1.0 0.1 0.1 1.0 0.1 0.71244  0.71121 
-0.5     0.82241  0.81408 
0.5     1.31617  1.30514 
1.0     1.64870  1.63647 
-0.5 1.0 0.0 1.0 0.0  0.8095 0.80957 
0.0      1.3205 1.32064 
0.5      2.2224 2.22255 
1.0 1.0 0.1 1.0 0.1 1.88039  1.86882 
 2.0    2.21031  2.21661 
 3.0    2.33098  2.31967 
1.0 0.1 1.0 1.0 0.1 2.02135  1.58185 
  3.0   2.43291  1.57254 
  4.0   2.90032  1.51234 
1.0 0.1 0.1 0.7 0.1 1.64870  1.22166 
   2.0    2.88804 
   5.0    6.23198 
1.0 0.1 0.1 1.0 1.0 1.64870  0.92238 
    1.5   0.56177 
    2.0   0.20115 
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with the increasing values of 
0
f , A  and Pr while a reverse phenomenon occurs for M and Ec . Further for 2η > , 
temperature increases with the increasing values of A . From a physical point of view, this follows from the fact that 
as in the presence of electric and magnetic field, a resistive force, known as the Lorentz force, arises and an increase 
of the magnetic parameter makes it stronger, which ultimately slows down the fluid flow and increases the 
temperature.
Finally, Table 1 shows the effects of the suction or injection parameter 0f , the unsteadiness parameter A , the 
magnetic parameter M , the Prandtl number Pr and the Eckert number Ec on the local skin-friction coefficient
( )0f ′′ and the local Nusselt number ( )0θ ′ . It is seen that the local skin friction coefficient decreases with the 
increasing values of 0f , A  and M , when other parameters kept constant. Moreover, it is also noteworthy that the 
local Nusselt number decreases with the increasing values of 0f , A and Pr but an opposite behavior is noted in 
case of M and Ec , taking other parameters constant. Further it may be seen that the values of the local skin 
friction coefficient are always negative for all the values of the physical parameters considered. Physically, positive 
sign of skin friction implies that the fluid exerts a drag force on the surface and negative sign means the opposite. 
Moreover, it is quite evident that the values of the local Nusselt number are always negative for all the values of 
physical parameters considered, which implies that there is a heat flow from the sheet.  
4. Conclusion 
In the present investigation, the effects of the various parameters on the velocity, temperature, skin friction 
coefficient and Nusselt number are illustrated and discussed. It can be concluded that the velocity boundary layer 
thickness, the thermal boundary layer thickness, the surface gradient and the rate of heat transfer decrease as the 
suction or injection parameter and the unsteadiness parameter increase while the reverse behavior is noted after the 
‘crossing over point’ for velocity as well as thermal boundary layer thickness for the unsteadiness parameter. 
Moreover, in case of increase in the magnetic parameter the velocity and the surface gradient decrease while the 
opposite phenomenon occurs for the thermal boundary layer thickness and the rate of heat transfer. Finally, the 
thermal boundary layer thickness and the rate of heat transfer decrease with the increase in the Prandtl number but 
the effects of the Eckert number are quite opposite. 
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